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Nonlinear vibration of embedded polymeric pipes reinforced with single-
walled carbon nanotubes (SWCNTSs) is investigated in the present work. The
classical cylindrical shell theory is used for mathematical modeling of
structure. The pipe is subjected to thermal and magnetic loads. The
surrounding elastic foundation is simulated with spring constant of Winkler-
type and shear constant of Pasternak-type. Mori-Tanaka model is applied in
order to obtain the characteristics of the equivalent composite. Based on
energy method and Hamilton's principal, the motion equations are derived
and solved numerically for calculating the nonlinear frequency utilizing the
differential quadrature method (DQM). The effects of different parameters
such as volume percent of SWCNTs, geometrical parameters of shell and
elastic foundation on the vibration of pipe are investigated. Results showed
that with increasing the volume percent of SWCNTs in pipe, the frequency of
structure increases.

© 2015 IASE Publisher. All rights reserved.

1. Introduction

Carbon nanotubes (CNTs) possess extraordinary
mechanical, thermal and magnetic properties. There
have been tremendous research efforts on the
potential use of CNT reinforced composites, and
progress has been made in various fields (Coleman
et al, 2006). New multifunctional materials or
“smart materials” have emerged from research labs
as a result of the overall development of CNTs
composites. Unlike their micron scale counterparts,
the physical properties of Nano composites can be
altered at an extremely low weight percentage of
Nano fillers. While for a given volume fraction, the
interfacial regions between nanoparticles and matrix
are significantly higher (Ma and Kim, 2011). With the
rapid progress of advanced manufacturing
techniques, especially the technique of controllable
growth of aligned CNTs forest within Nano scale,
vertically aligned CNTs arrays can now be fabricated
in a large scale at a reasonable low cost. It's been
reported that the super-aligned CNT arrays has been
produced by continuous spinning of the normal
aligned CNTs arrays (Di et al,, 2012).

Recently, Shen (2009) incorporated the concept
of functionally graded materials (FGM) to the Nano
composites by varying the volume fraction of aligned
CNTs along the thickness direction of plates. It can
be foreseen by this mean the final structural element
will have its unique properties that can be tailored in

* Corresponding Author.

Email Address: r.kolahchi@gmail.com

47

terms of vibration control, durability, electrical or
thermal conductivities. Researches on the bending,
buckling, linear and nonlinear vibration of CNT
composite shell and beams have appeared by many
researchers (Ghorbanpour Arani et al.,, 2012, 2015;
Rafiee et al, 2013; Shen and Xiang 2012) and
reported the influence of CNT distributions on the
mechanical properties of the structures.

However, it is apparent that no study exists in the
open literature on the nonlinear vibration analysis of
SWCNT-reinforced composite cylindrical shell based
on the classical shell theory and this paper aims to
fill in this gap. The mathematic modeling based on
the classical shell theory is employed in this study.
The geometric nonlinearity of the von Karman sense
is also included. Applying the Euler principle, the
virtual energy functional of system is obtained. The
DQM is utilized to obtain the eigenvalue equation for
the CNT composite pipe. The direct iteration
approach is used to search for the nonlinear
frequencies at a given vibration amplitude. The
influences of SWCNT volume fraction, geometrical
parameters, mode numbers and elastic foundation
on the nonlinear vibration characteristics of the pipe
are discussed.

2. Strain-displacement relations

Based on classical shell model, the displacement
components are written as:
U(x.0,2,0) = u(x,0,1) - z 2000

ox (1)
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_ _ ow(x.0.1) oW
V(x,0,z,t) =v(x,0,t) -z Rod , (2) kxx :_ax_?’ (10)
W (x,0,z,t) = w(x,8,t), (3)
1 o w
o0 = — (11)
Where, U, V, W are the displacements of an "RZ 00
arbitrary point of the shell in the axial, Ko 82W (12)
circumferential and radial directions, respectively, u, T T Roxo0
v, w are the displacements of points on the middle
surface of the shell and z is the distance of the 3. Stress-strain relations
arbitrary point of the shell from the middle surface.
Hepce, the mechanical strain components can be Based on classical cylindrical shell theory, the stress-
written as: strain relations may be expressed as:
€ = Exm + kax’ (4) c c 0
€00 = €pam + Zk96” (5) O 'k_;_’l_;' Hl’lz" Exx — axxAT
7)(49 = 7x6m + 22kx9’ (6) Too | = E,z—la Efﬁ 0 o0 ~ (Z%AT ,
Where the middle surface strains &,ym, €90m. Tyo (') 6 C Y xo (13)
Yxem and changes in the curvature and torsion of the &
middle surface k,,, kgg, k. are as follows: - P
2
Eem = 6_u+ l(aij , (7 Where C;; and a;;(i = x,0) are elastic constants
ox 2\ ox and thermal expansion, respectively. Furthermore,
ov w o 1( ow Y\ k,l,m,n,p are Hill's constant which may be
Eoom = oty ' (8) calculated by Mori-Tanaka model (Ghorbanpour
Ro#& R 2\ Ro6 .
Arani et al,, 2012) as follows:
_( ou  ov  ow awj ©)
Pom = Ro0 " ax  ox Ra6)’
B E.{E.Cc., +2k (1+v, )[1+c (1-2v, )]} 14
20+v,)[E,(A+c, —2v,)+ 20,k A—v, — 2v2)]’ (14
1+v )IE,@+c, —2v )+2c k 1-v, -2v2)]’ (15)
_ 2Cm (1+ C — Cme) + 2CmCr (krnr — Irz)(l+ Vm)2 (1_ va)
L+v,)IE,(@+c, —2v,)+2¢c,.k L-v, —2v2)] 16)
16

N E,[2cik, (1-v,)+c.n (L+c, —2v,)—4c,|v,
E, (1+c —2v, )+2c k (1-v, —2v2)
__ En[Ency +2p,A+v,)d+c,)]
P @+ v )E, Grc)+2¢c.p A+v )]’ (17)
E.[E.c,+2m (1+v, )(B+c, —4v, )]

20+ vy ){E, [c, + 4¢, - v, )] + 26,m, (3—v, — 4v7)} (18)
Where k., I, m,n,.,p, can be obtained in The total potential energy of the pipe is the sum
(Coleman et al., 2006) and C, is also the volume of strain energy U, kinetic energy K, and the work W
present of the reinforced SWCNTSs in matrix. done by the applied load. The strain energy is:

U= %III(GXX Ex T O +Tx97x9)RdXd odz.

4. Energy method (19)

Strain energy by combining Eq. 18 and Eq. 19,
may be written as:

ne2r L 8u 1(ow) _ a%w o w ow 2 7 8w
I II —+ | = | —z—5 |+ 0, o w1
7h/2 0 OX 2 OX OX Roe R 2 R619 R 06?

2
v a_u+8_v+6_w ow -2z 0w Rdxd @dz.
RoO® ox ox Ro6 Rox00

The kinetic energy of system may be written as: The work done by applied force by elastic

_p o .o o foundation and magnetic field can be expressed as:
K= E“‘J.(u + V7 + WH)Rdxd 6dz (21) (Ghorbanpour Arani et al., 2015)

(20)
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0w
2 2
w :_[(Few)dA=j[(ka—kgV W)+77HX P deA, (22)
Where k,, kg, nand H, are spring constant of magnetic permeability and magnetic field,
elastic medium, shear constant of elastic medium, respectively? Applying Euler principle as follows:
oF _of0oF ) o foF ) _ 04
ou oxlau, ) adlau, ) ot
oF _of0oF |_0[0oF)_ oW
ov oxlov, ) oolav, ) Pt
(23)
oF o[ 0F ) o [0oF ) o[ oF
ow ox\ow, ) o060low,, ) ox*|ow,,
0° [ oF o° [ oF o°w
+ +— = ph—-.
oxoé \ ow,,, 067\ ow,,, ot
The motion equations can be written as:
ON, oN o%u
L —X0 = ph—, (24)
ox Ro6 ot
oN, oN oV
i +_X9:ph_2’ (25)
Ro#  ox ot
o°M, 20°M,, M, N, o’w o*w 20°w o*w
X4 LA -—24+N,—-+N +N, -F=ph—F, 26
ox*  Roxo0 RPO6* R oxt R0 Roxod Ao (26)
Where the internal forces and moments may be M o
expressed as X 2| X
N, 2 o, M, r= h o, rzdz. (28)
N, :j o, dz, (27) Myo) 217w
h Substitute Eq. 13 into Eqgs. 27 and 28 yields:
Nx& 2 Txa
o ow )’ G ow ) (29)
N, =| ne,, “+o.5(Wj Ca AT |+ Cy| 2 o5l M| _goaT ||
OX OX Ro6 R R°00
0 ow \* G ow 58
N, =| hCy, _U+o.5[_Wj Ca AT +Cy 2 W o[ W | g aT ||,
13D o) Ro6 R R°06
31
Nw:hcea(éu LoV, ow a_wj (31)
Ro# oOx RoO6 ox
h?® 0w 02w (32)
MX:E[C11£_2_6x2 +C, _Z—Rzaaz ,
h? o*w o*w (33)
h3 2 34
Mxoz_css _Zza—wl G4
12 R 00 ox
Defining dimensionless parameters:
h X h v fuvw} = Cy
=—, =—, =—u,V,W = y i~ A~
7/ L é L ﬂ R { } h ]] Cll
hk kg - t = nH?
KW= W, ng 9 ,t= ,szn X (35)
1 hCy h P Cu
Csll
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Substitute Egs. 29- 35 into Egs. 24-26 and using
above relation results:

ofu L ow o'W _— (oW ow oW o'W
(r*) 3 S | PPC| st Y s
&2 ag o 0E00  0& 26 0506
36
— o' oV oW 0°W aw oW 0°W (36)
+ fCe ﬂw‘kﬂ/a —E ~p2 -
£00 & 06 5 26 8£00 f2
— R , OW o'W — (0% aw awaw
C —_ Cpl —+—
p 12(7 006 o& agaej+ﬁ Zz(aez Y ae 202
37
+7CT,882LT+ 62\T+ﬂ o*W ow awa 0 G7)
“ ¥ e00 " og? 000¢ ag " 00 0e2 )" of?
70t 2 o'W | rBCe( o'W
12 o0&t BT 52002 3 0E200°
B = W ~ ., o'W ou yfow)
+—|-y?C,—-C — L =
12 V L 20" 60 852892 7ﬂ 12 oc 2\ o8
38
_ (v B ew)) [ ,= , = \OW e
P fgt P+ | 0| (57 Ca+ 7 Cpty ) AT
- W o'W _0'W) - 0w 0°
—ly?a, +y°C W W+ (K + - =—
(7/ a, ry 120‘9)? ( g 7/852 262 xaégz ot

5.DQM

DQM is employed which in essence approximates
the partial derivative of a function, with respect to a
spatial variable at a given discrete point, as a
weighted linear sum of the function values at all
discrete points chosen in the solution domain of the
spatial variable. Let F be a function representing u, v,
w and ¢ with respect to Variables x and @ in the

df(x

following domain of (0O<x<L, 0<6 < 2m) having
N, X Ny grid points along these variables. The nt-
order partial derivative of F(x, 8) with respect to x,
the mt-order partial derivative of F(x, 8) with
respect to 6 and the (n + m)th-order partial
derivative of F(x, 8) with respect to both x and 8 may
be expressed discretely at the point (x;, 6;) as:

ZA(”)f(Xk,Bj) n=1.., N, -1 (39)
da"f, (x,,6, Ng
Y(n: ]_):Znglm)f(Xiiel) m=1.,N,-1 (40)
do I=1
dgn+m f (X-,¢9.) N,
. S KA A(n)B(m)f X, ,0,). 41
dx nd em zl ; ik ( k I) ( )
Where Ag:) and Bj(lm) are the weighting to DQM, mechanical boundary conditions may be

coefficients; N, and Ny are grid points which may be
found in (Ghorbanpour Arani et al. 2015). According

Ny

written as:

w,=Vv,=uU,=0, D> A, w; =0

=]

N, for i=1..N, (42)
Wy, =Vy,;=Uy;=0, ZA(NX—I)joi:O

o1

Applying these boundary conditions into the
governing yields the following coupled assembled
matrix equations:

[

{d }:{Uil’villwil’V_ViZ'q)il'UiNg’\7iN9’V_ViN

{ } {ulj’ ij? i(j+1)’®ij}

(43)
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g’V_Vi(Ng—l)’q)iNg}

Where K}, Ky; and M are linear stiffness matrix,
nonlinear stiffness matrix and mass matrix,
respectively. Also, d, and d,represent boundary
and domain points expressed as:

i=1,..
N, j=2..,N

Ny
-1

X

i=1.. (44)
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Finally, based on an iterative method and
eigenvalue problem, the frequency of structure may
be obtained.

6. Numerical result

In order to obtain the frequency for considered
pipe embedded in the Pasternak foundation, DQM
was used in conjunction with a program being
written in MATLAB, where the effect of volume
percent of SWCNTs, mode numbers, geometrical
parameters and elastic medium were investigated.

6.1. The effects of different parameters

The effect of mode numbers on the nonlinear
frequency of pipe versus volume percent of SWCNTs
is showed in Fig. 1. As can be seen, with increasing
the mode numbers, the nonlinear frequency
increases.

IZW
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o 9t 4
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Fig. 1: The effect of mode numbers on the nonlinear
frequency against volume percent of SWCNTSs

The effect of volume percent of SWCNTs and
temperature gradient on the nonlinear frequency is
illustrated in Fig. 2. It can be found that with
increasing the volume percent of SWCNTs, the
nonlinear frequency increases. It is due to the fact
that with increasing volume percent of SWCNTs in
pipe, the stiffness of structure increases. Hence, the
SWCNT volume fraction is effective controlling
parameters for vibration of the pipes. In addition, the
nonlinear frequency is decreased with increasing
temperature gradient due to reduction in stiffness of
structure.

Fig. 3 illustrates the influence of elastic medium,
including Winkler and Pasternak modules, on the
frequency, along the volume percent of SWCNTs.
Obviously, the elastic medium type has a significant
effect on vibration of the pipe, since the frequency of
the system in the case of without elastic medium are
lower than other cases. It can be concluded that the
frequency for Pasternak model is higher than
Winkler one. The above results are reasonable, since
the Pasternak medium considers not only the normal
stresses (i.e. Winkler foundation) but also the

transverse shear deformation and continuity among
the spring elements.
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Fig. 3: The effect of elastic foundation on the nonlinear
against volume percent of SWCNTs

Figs. 4 and 5 demonstrate the influence of
geometrical parameters on the nonlinear frequency
versus volume percent of SWCNTSs. As can be seen,
with increasing thickness of pipe and decreasing
pipe length, the nonlinear frequency is increased. It
is physically reasonable, since with increasing
thickness and decreasing length of pipe, the stiffness
of structure increases.
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Fig. 5: The effect of pipe thickness on the nonlinear against
volume present of SWCNTSs

6.2. Validation

In order to validate the results of present work,
neglecting the nonlinear terms in motion equations,
the frequency of structure is calculated with Navier
method and compared with the results of DQM. As
can be seen from Fig. 6, which shows the
dimensionless frequency versus radius to thickness
ratio for different volume percent of SWCNTs,
illustrates the accuracy of present results, indicating
validation of this work.
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Fig. 6: Validation of present work
7. Conclusion

Present work deals with thermo-magneto
nonlinear vibration analysis of embedded polymeric
pipes reinforced with SWCNTs resting on elastic
medium. The pipe and elastic medium were
simulated with classical cylindrical shell and
Pasternak foundation, respectively. Based on energy
method and Euler principal, the motion equations
were derived. DQM was applied for obtaining the
nonlinear frequency of structure. The numerical
results indicate that with increasing volume percent
of SWCNTs in pipe, the frequency was increased.
Furthermore, considering elastic foundation
increases the frequency of system. In addition, with
increasing thickness of pipe and decreasing pipe
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length, the nonlinear frequency is increased. The
results of this study are validated as far as possible
by comparing the analytical and numerical methods
in evaluating the nonlinear frequency of pipe.
Finally, it is hoped that the obtained results might be
useful for the design and improvement of industrial
pipes applying nanotechnology.
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